Radial heat transport induced by magnetic field line fluctuations is obtained from the integral parallel heat flow closure for arbitrary collisionality. The parallel heat flow and its radial component are computed for a single harmonic sinusoidal field line perturbation. In the collisional and collisionless limits, averaging the heat flow over an unperturbed surface yields Rechester-Rosenbluth like formulae with quantitative factors. The single harmonic result is generalized to multiple harmonics given a spectrum of small magnetic perturbations. In the collisionless limit, the heat and particle transport relations are also derived.
Magnetic field line fluctuations can be generated by edge resonant magnetic perturbations (RMPs) [1] , uncorrected ripple effects [2] , instabilities [3] , etc. For a stochastic magnetic field produced by overlapping magnetic islands [4] , the radial heat transport, h r = −nχ RR dT /dr, has been estimated from a random walk process by Rechester and Rosenbluth (RR) [5] . The thermal diffusivity χ RR is given by
where n is the electron density, T is the temperature, v T = 2T /m is the thermal speed, m is the electron mass, L eff is the effective autocorrelation length, and b δ = B δ /B 0 is the ratio of the radial fluctuation amplitude to the unperturbed magnetic field strength. The heat transport in a stochastic field has been investigated in recent experiments [6] [7] [8] and numerical simulations [9, 10] . Due to toroidal flow screening [11, 12] , the fluctuating field could be magnetic flutter [13] with no island overlap. The particle and heat flows due to magnetic flutter in cylindrical [14, 15] and toroidal [15] geometry have been studied by Callen et al [16] . In a stochastic magnetic field, methodologies for simulating a heat diffusion equation ∂ t T + ∇ · q = 0 with a given heat flux q have been developed [17, 18] .
Although a random walk process can be used to qualitatively estimate the (thermal) diffusivity, this approach does not provide an important quantitative factor. As shown in
Ref. [6] , χ RR agrees with measured and numerically simulated thermal diffusivities where the field stochasticity (quantified by Chirikov's parameter) is high. However, in accordance with the derivation, χ RR does not agree where the stochasticity is low. In practical applications, it is ambiguous to distinguish between high and low stochasticity. It is also demonstrated that the RR transport is incompatible with integral (nonlocal) closures [18, 19] .
To obtain quantitative closures or transport, one should solve the kinetic equation or equivalently the general moment equations. Importantly, when obtaining closures one must specify which moment equations are to be closed [20, 21] . One of mathematical difficulties in solving the kinetic equation is accurately evaluating the Coulomb (Fokker-Planck, Landau) collision operators. Krook and Lorentz type operators have been adopted as model collision operators in deriving magnetic-flutter-induced transport [14, 15] . A numerical model operator that simulates particle collisions with a random walk process along the magnetic field lines and jumps across the field lines at collision events has been used in Ref. [22] .
In this work we employ the integral (nonlocal) heat flow closure [23] obtained from the general moment equations with accurate Coulomb collision operators [24] to compute thermal transport along a magnetic field line. Whether the field line is stochastic or magnetic flutter, excursions of field lines off unperturbed, usually isothermal, surfaces yields the radial component of the parallel heat flow vector. We calculate the radial heat flow for a sinusoidal field line and extend the result to a general field line represented by a Fourier series. For a stochastic field or experimental data, a Fourier spectrum instead of a Fourier series can be practically used. For temporal fluctuation of the field lines, a spatial average may replace the time average. When averaged over an unperturbed surface, our result includes the RR theory in the collisional and collisionless limits. We provide a simple universal formula for the radial heat transport for small magnetic field perturbations.
For arbitrary collisionality, closures for density, temperature, and the flow velocity equations have been obtained in Ref. [25] . Therein, the parallel heat flux density responding to a temperature gradient is
where η = η(ℓ), η ′ = η(ℓ ′ ), η(ℓ) = ℓ 0 dℓ/λ C is the normalized arclength, ℓ is the arclength along a field line, and λ C = v T τ ee is the collision length defined by the electron thermal speed times the electron-electron collision time. The kernel function
results from fitting to the 6400 moment solution in the high to low collisionality regimes and to the asymptotic form in the collisionless limit.
For a sinusoidal drive, the integral in Eq. (2) yields a simple formula. Consider a tem-
and n 0 ≫ δn (n 0 is the average density and δn is the density fluctuation), the heat flow is given by
The coefficientĥ(k) is obtained either analytically with the moment-and collisionlesssolution kernels, or numerically with the fitted kernel ( This reproduces the collisional,ĥ → 4πχ /v T λ ℓ ≈ 3.20k as k → 0, and collisionless,ĥ → 18/5 √ π (≈ 2.03) as k → ∞, limits (see Fig. 1 ).
To study parallel heat flow due to a fluctuating field line, we consider a sinusoidal field line trajectory
where r is the radial coordinate, z is the coordinate along an unperturbed field line, λ is the wavelength of the field line fluctuation measured in the z direction, and r δ is the amplitude of the fluctuation from the r 0 surface. Assuming that the unperturbed r 0 surface is isothermal, the temperature along the field line (6) is, to the linear r δ order,
where
The arclength coordinate ℓ along the field line is obtained from
For Eq. (6),
Ref. [26] , and α = ℓ(λ)/λ. For a 1 (most cases), the approximation ℓ ≈ αz enables one to directly use Eq. (4) to write
The error of this approximate heat flow is ignorable for most a and k. Consider evaluating Eq. (9) at z = 0. For the extreme case a = 1 (α ≈ 1.2), the error is 16% in the collisional limit (k → 0) and decreases as k increases, less than 10% error when k 1. For a = 0.5 (α ≈ 1.06), the error is 5.5% in the collisional limit and less than 3.4% when k 1.
For a = 0.1 (α ≈ 1.003), the error is less than 0.3%. Therefore, for a ≪ 1 (α ≈ 1), the approximation is practically exact. The advantage of this arclength approximation is that we can use the explicit formula (9) without performing the numerical integration. Using Eq. (9) also facilitates computing radial heat flows on a general field line for a given Fourier series or a spectrum of fluctuations.
Next we compute the radial heat flow across the unperturbed r 0 surface. For field lines penetrating the r 0 (isothermal) surface obliquely, the radial component of the parallel heat flow (9) is given by h r = (dr/dℓ)h . For a single harmonic (6), dr/dℓ = a cos ϕ/ 1 + a 2 cos 2 ϕ where ϕ = 2πz/λ, and the radial heat flow at a local point is
where γ(ϕ) = cos 2 ϕ/ 1 + a 2 cos 2 ϕ. When the field line fluctuation occurs also in the binormal direction (r ×ẑ, a hat denoting a unit vector), the elongation of the arclength ℓ will cause the increase of α and the decrease of γ, which will reduce the radial heat flux.
If the field line is static with no heating sources, the displaced surface will become isothermal due to thermal relaxation driven by the radial heat transport (10) and hence the transport is transient. In realistic situations, it is natural to consider fluctuating field lines and/or heating sources. In either case, Eq. (10) provides the heat flow closure/transport for given (transient) temperature and magnetic field profiles. While Eq. (10) describes the radial heat flow for a static field at a local point, the surface average of h r (z) is useful for studying heat confinement even when the field line is fluctuating in time. This surface average may replace the time average.
In slab or cylindrical geometry, the average is taken over one wavelength
where γ is between 0.38 (a = 1) and 1/2 (a = 0). In toroidal geometry, one needs a Jacobian for the flux surface average. In a wide range of applications we note that b δ ≪ 1, 
The effective thermal diffusivity for radial heat transport is
Comparing with Eq. (1) for a stochastic field, the effective autocorrelation length is
At this point it is interesting to compare Eq. (13) with the RR theory. Our theory may not describe the RR mechanism that is based on the diffusion of an area perpendicular to a stochastic magnetic field due to the Lyapunov divergence. In the both theories, however, the field line excursion off the isothermal surface result in radial heat flow due to parallel heat flow along the deviated field line. In computing the radial heat flow, the RR theory computes the field line deviation to estimate the qualitative radial diffusivity while our theory directly computes the radial component of the quantitative parallel heat flow. Of course, a stochastic field can not be represented by a single harmonic or a Fourier series of a perturbed field. However, a stochastic field can be described mathematically using a Fourier transform and measured experimentally (see Fig. 6 of Ref. [27] ). Furthermore, one can use a single harmonic formula as an approximation by properly choosing the major mode with a proper weight factor. For comparison, we interpret λ and b δ in Eq. (13) as the effective wavelength and amplitude of the representative mode of perturbation spectrum. Accurate formula for a stochastic field will be obtained by adapting a Fourier series result to a Fourier spectrum.
In the collisionless limit, L eff ≈ λ/4π 2 (usingĥ ≈ 2) in this work while L eff = R (2πR is the period of the system in the z direction) in the RR theory [5] or L eff = qR/2 (q is the safety factor and R is the major radius) in Ref. [10] . The ratio χ eff /χ RR ≈ λ/4π 2 R or χ eff /χ Ref. [10] ≈ λ/2π 2 qR may possibly explain the large discrepancies observed in simulations [9, 10] and experiments [6, 27] . In Ref. [6] , although the discrepancy is attributed to low stochasticity, the RR theory has a tendency to overestimate the experimental measurement even where stochasticity is high. In the collisional limit, L eff ≈ χ /2πv T . A smooth transition between the two regimes, L −1 eff = L −1 ac + λ −1 C (L ac is the autocorrelation length), is suggested in Ref. [6] . Since Eq. (14) is valid for arbitrary collisionality, it naturally provides a similar smooth transition with precise numerical factors.
Now we consider a general field line perturbation expanded as a Fourier series
with
where ϕ i = 2πz/λ i . The temperature along the field line is
Assuming b c,s i (= B c,s δ,i /B 0 = 2πr c,s δ,i /λ i ) ≪ 1, the arclength of the perturbed field line is approximated by z. Then the parallel heat flow along the fluctuating field line is given by
where k i = 2πλ C /λ i . Note in Eq. (18) that the roots of d(δr)/dz = 0 (or i 2πδr ′ i /λ i = 0) do not agree with the roots of iĥ (k i )δr ′ i = 0 except whenĥ ∝ k i in the collisional limit (see Fig. (1) ). Therefore, iĥ (k i )δr ′ i > 0 [< 0] can happen when i (2π/λ i )δr ′ i < 0 [> 0], which explains the occasional reversed heat flows (from low to high temperature) reported in Fig. 10 of Ref. [28] . Also h = 0 happens when the field line is aligned along the unperturbed surface ( i 2πδr ′ i /λ i = 0) . Similar behavior, h = 0 with ∂ T = 0, is shown in Figs. 4 and 6 of Ref. [23] . In general, the temperature gradient at a local point is not solely responsible for heat transport at the point. Such is the nature of integral (nonlocal) closures.
With the approximation dr/dℓ ≈ dr/dz (b r ≪ 1), the radial heat flow is
where the + sign is for normal flows (from high to low temperature) and − is for reversed flows. When the reversed heat flows are ignorable, the radial component can be averaged to yield
for small fluctuations of multiple harmonics. Eq. (21) can be used when the field line is described by a spectrum of magnetic perturbations [27] by replacing i → di.
Eq. (21) where dT 0 /dr = 0 (see Fig. 12 of Ref. [19] ). In Refs. [18, 19] Since measuring W is impractical in experiments, relating particle and heat transport to density and temperature gradients may be more convenient for verifying the theory. The particle and heat transport can be obtained by using the results of Ref. [21] in the collisionless limit. Noting that Eq. (2) in that limit reproduces Eq. (12) of Ref. [21] and comparing with Eq. (12) (ĥ = 18/5 √ π), we translate Eqs. (18) and (19) of Ref. [21] into
h r = v T λb 2 δ 4π 3/2 1 2 dp 0 dr
for electrons and ions with v T being the electron and ion thermal speed, respectively, and so on. Here q is the electric charge (q = −e for electrons and q = Ze for ions), p 0 (= n 0 T 0 )
is the pressure, φ 0 is the electric potential. For multiple harmonics or a spectrum, the corresponding radial transport can be obtained from Eqs. (22) and (23) 
